Introduction
In 1940, Ulam 1 gave a talk before the Mathematics Club of the University of Wisconsin in which he discussed a number of unsolved problems. Among these was the following question concerning the stability of homomorphisms.
Let G be a group and let G be a metric group with metric ρ ·, · . Given > 0, does there exist a δ > 0 such that if f : G → G satisfies ρ f xy , f x f y < δ for all x, y ∈ G, then a homomorphism h : G → G exists with ρ f x , h x < for all x ∈ G?
In 1941, the first result concerning the stability of functional equations was presented by Hyers 2 . He has answered the question of Ulam for the case where G 1 and G 2 are Banach spaces.
Let E 1 and E 2 be real vector spaces. A function f : E 1 → E 2 is called a quadratic function if and only if f is a solution function of the quadratic functional equation for some > 0 and for all x, y ∈ E 1 , then there exists a unique quadratic function q :
for all x ∈ E 1 . Furthermore, according to the theorem of Borelli and Forti 8 , we know the following generalization of stability theorem for quadratic functional equation. Let G be an Abelian group and E a Banach space, and let f : G → E be a mapping with f 0 0 satisfying the inequality
for all x, y ∈ G. Assume that one of the series Φ x, y :
then there exists a unique quadratic function Q : G → E such that
Abstract and Applied Analysis   3 for all x ∈ G. During the last three decades, a number of papers and research monographs have been published on various generalizations and applications of the generalized HyersUlam stability of several functional equations, and there are many interesting results concerning this problem 9-13 . The notion of quasi-β-normed space was introduced by Rassias and Kim in 14 . This notion is a generalization of that of quasi-normed space. We consider some basic concepts concerning quasi-β-normed space. We fix a real number β with 0 < β ≤ 1 and let K denote either R or C. Let X be a linear space over K. A quasi-β-norm · is a real-valued function on X satisfying the following: 1 x ≥ 0 for all x ∈ X and x 0 if and only if x 0, 2 λx |λ| β x for all λ ∈ K and all x ∈ X, 3 there is a constant K ≥ 1 such that x y ≤ K x y for all x, y ∈ X.
The pair X, · is called a quasi-β-normed space if · is a quasi-β-norm on X. The smallest possible K is called the modulus of concavity of · . A quasi-β-Banach space is a complete quasi-β-normed space. A quasi-β-norm · is called a β, p -norm 0 < p ≤ 1 if
for all x, y ∈ X. In this case, the quasi- Proof. We assume that a mapping f : X → Y with f 0 0 satisfies the functional equation 1.14 . Then replacing y in 1.14 by 0, we also get the equality f ax a 2 f x for all x ∈ X. Now, we decompose f into the even part and the odd part by setting
for all x ∈ X. Then f e and f o satisfy the functional equation 1.14 . Therefore, we may assume without loss of generality that f is even and satisfies 1.14 for all x, y ∈ X. If we replace x in 1.14 by 0, then we get
for all y ∈ X. From this equality, we have f by b 2 f y for all y ∈ X. Therefore, 1.14 implies 1.13 for all x, y ∈ X. By Lemma 2.2, f is quadratic. Now, we assume that f is odd and satisfies 1.14 for all x, y ∈ X. For the case a 1, we have
Abstract and Applied Analysis   5 for all x, y ∈ X. Setting x by 0 in 2.3 , one obtains f ≡ 0. Let a / 1. Replacing x by 0 in 1.14 , we have
for all y ∈ X. From 1.14 and 2.4 , we get
for all x, y ∈ X. Putting by u in 2.5 , then we obtain
for all x, u ∈ X. Replacing u by au in 2.6 , we get
for all x, u ∈ X. Since f ax a 2 f x , 2.7 yields
for all x, u ∈ X. Interchanging x and u in 2.8 , we have by oddness of f
for all x, u ∈ X. Replacing u by −u in 2.6 , we get
for all x, u ∈ X. Adding 2.9 and 2.10 side by side, this leads to
for all x, u ∈ X. Therefore, f is additive and so f ax af x for all x ∈ X and for any odd function satisfying 1.14 . Using the equality f ax a 2 f x , we obtain f x 0 for all x ∈ X. Therefore, f x f e x f o x is a quadratic mapping, as desired. Conversely, if f is quadratic, then it is obvious that f satisfies 1.14 .
We note that f 0 0 if a b 2 / 1 and f satisfies 1.14 . for all x, y ∈ X, which is called the approximate remainder of the functional equation 1.14 and acts as a perturbation of the equation. From now on, let X be a vector space, and let Y be a β, p -Banach space unless we give any specific reference. We will investigate the generalized Hyers-Ulam stability problem for the functional equation 1.14 . Thus, we find some conditions such that there exists a true quadratic function near an approximate solution of 1.14 .
ϕ a n x, a n y 0, 3.3
for all x, y ∈ X. Suppose that a function f : X → Y with f 0 0 satisfies
for all x, y ∈ X. Then there exists a unique quadratic function Q : X → Y satisfying
for all x ∈ X. The function Q is given by
for all x ∈ X.
Proof. Letting y by 0 in 3.4 , we get
for all x ∈ X. Multiplying both sides by 1/|a| 2β in 3.7 , we have
Abstract and Applied Analysis 7 for all x ∈ X. Replacing x by a n x and multiplying both sides by 1/|a| 2nβ in 3.8 , we have
for all x ∈ X. Next we show that the sequence { 1/a 2n f a n x } is a Cauchy sequence. For any m, n ∈ N, m > n ≥ 0, and x ∈ X, it follows from 3.9 that
for all x ∈ X. It follows from 3.2 and 3.10 that the sequence { 1/a 2n f a n x } is a Cauchy sequence in Y for all x ∈ X. Since Y is a β, p -Banach space, the sequence { 1/a 2n f a n x } converges for all x ∈ X. Therefore, we can define a mapping Q :
for all x ∈ X. Taking m → ∞ and n 0 in 3.10 , we have
for all x ∈ X. Therefore,
for all x ∈ X, that is, the mapping Q satisfies 3.5 . It follows from 3.3 and 3.4 that
ϕ a n x, a n y 0, 3.14 for all x, y ∈ X. Therefore, Q satisfies 1.14 , and so the function Q is quadratic.
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To prove the uniqueness of the quadratic function Q, let us assume that there exists a quadratic function Q : X → Y satisfying the inequality 3.5 . Then we have
for all x ∈ X and n ∈ N. Therefore, letting n → ∞, one has Q x − Q x 0 for all x ∈ X, completing the proof of uniqueness.
In the following corollary, we get a stability result of 1.14 . 
for all x, y ∈ X. Then there exists a unique quadratic function Q : X → Y which satisfies the inequality
3.17
ϕ a n x, a n y lim
3.20
By Theorem 3.1, there exists a unique quadratic mapping Q :
Proof. Letting y by 0 in 3.24 , we get
for all x ∈ X. Replacing x by x/a in 3.27 , we have
for all x ∈ X. Replacing x by x/a n and multiplying both sides by |a| 2βn in 3.28 , we have
for all x ∈ X. Next we show that the sequence {a 2n f x/a n } is a Cauchy sequence. For any m, n ∈ N, m > n ≥ 0, and x ∈ X, it follows from 3.29 that
3.30
It follows from 3.22 and 3.30 that the sequence {a 2n f x/a n } is a Cauchy sequence in Y for all x ∈ X. Since Y is a β, p -Banach space, the sequence {a 2n f x/a n } converges for all x ∈ X. Therefore, we can define a mapping Q :
for all x ∈ X. The rest of the proof is similar to the corresponding proof of Theorem 3.1. 
Proof. 
Proof. Replacing x by by in 4.4 , we get
for all y ∈ X. Letting by be x in 4.7 , we have
for all x ∈ X. Multiplying both sides by 1/|a 1| 2β in 4.8 , we have
for all x ∈ X. Replacing x by a 1 i x and multiplying both sides by 1/|a 1| 2iβ in 4.9 , we have 1 a 1
for all x ∈ X. Next we show that the sequence { 1/ a 1 2n f a 1 n x } is a Cauchy sequence. For any m, n ∈ N, m > n ≥ 0, and x ∈ X, it follows from 4.10 that for all x ∈ X. The rest of the proof is similar to the corresponding proof of Theorem 3.1.
In the following corollary, we get a stability result of 1.13 . for all x ∈ X.
